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The problem of the stability of the position of equilibrium of a multidimensional autonomous Hamiltonian
system is studied for the critical case of purely imaginary simple roots when the quadratic part of the
Hamiltonian is not sign-definite and the roots satisfy simultaneously two (or more) resonant fourth-order
relations [1]. Cases of independent as well as mutually interacting resonances are discussed. The conditions
of stability and instability of the corresponding normalized system containing terms of up to the fourth order
inclusive, are formulated.

ConsIDER the problem of the stability of the stagnation point of an autonomous system of Hamiltonian
equations defined by the Hamiltonian function H(x,y) = H, + Hy+. . ., where H, are the /th order forms of
the variables x = (x1, . . ., xn), ¥ = (¥, . . ., Yn), under the assumption that the form is not sign-definite and
all eigenvalues of its matrix are purely imaginary and differ from each other. As we know [1, 2] the most
interesting cases are the resonant ones (when there are no resonances we have complete Birkhof stability {2]) in
which instability may occur, caused by the non-linear terms of the corresponding differential equations.

We shall consider the case, which has not so far been studied, of a double, fourth-order resonance governed
by the presence of two integer relations between the eigenvalues +A; (s =1, ..., N) of the form

Zpara=0, Zpgrg=0

(1)
Zipal=Zipgi=4 n<N
(pa » pg are mutually prime numbers), or of the form
Piuidi P 0 + . +Ppp Ay =0, pil)‘|+zpﬁ)‘ﬂ=0
)

1Py 141Pa t+ . 41yt =1p,, 1+ Zipgi=4

Here and henceforth the summation over « will be carried out froma = 1toa = m, over Bfrom B =m+1to
B=n,andover yfromy=n+1toy=N.

We shall also assume that relations (1) and (2) will not produce other resonances of the same order.

It is said that in case (1) the resonances are independent, and in case (2) we have interaction between the
resonances. Moreover, we shall call a resonance weak if it preserves, when there are no other resonances, the
stability of the model system (i.e. of the system obtained by discarding, from H, terms of order higher than the
fourth). Otherwise, we shall call the resonance strong [4, 5].

Let us consider the case of independent resonances (1). Using the well-known normalization procedure [1-3]
we shall obtain the following form of a Hamiltonian normalized (to terms of up to the fourth order) in polar
coordinates r;, 6;:

Ay JRycosw, + ZAUry;
1

W Mo

ll=2>\,-r,~+ll., H,=2

©)
R, =17, R, =ﬂr},”"'. ¥, =Zpoba, ¥, =Zpglg

Here and henceforth the subscripts / and j take all values from 1 to N, and the indices «, B8, v have the same
values as in (1) and (2).
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The model system corresponding to the Hamiltonian (3) will have the form
ra=—2paA, JRsinw,, rg=-2pga,JRjsin¥,, r,=0 4)
¥, =—-A, VR, Zpifracos¥, - 2ZA4% pyr;
V3= ~A,VR, Zphfrgcosv, - 2% Aﬁipﬁri

We shall show that the following theorem holds for system (4) in case (1).

Theorem 1. If amongst the resonances of (1) there exists at least one strong resonance, then the trivial
solution of system (4) will be unstable.

Let the variables r, in (4) correspond to a strong resonance. Then assuming all rg = 0 we arrive at a system of
equations describing a situation with a single resonance which, according to the assumption made above, leads
to instability.

We note that the condition of Theorem 1 remains true for any number of resonances.

Let us now consider the case in which both resonances (1) are weak. Here we must distinguish between two
types of weak resonance, namely: (a) the weakness of the resonance depends on the sign change amongst the

components of the resonant vector P = (py, . . ., p,); (b) all p, and pg are of the same sign and the weakness
of each resonance is governed by the inequalities [3, 6]
(A, 1<18,1 (®=1,2) &)
1 m 1
S,= == Z A%p,ps, S, = $ ppe 6
1 2P, abel aDs 2 3P, B.amm1 PgPo ( )

2 2
P, = npf,“/ , P, = ﬂpgﬂ/
In this case the following theorem holds.

Theorem 2. If both independent resonances of (1) are weak and at least one of them is weak in the sense of
(a), then the trivial solution of the model system is stable.

We shall first consider the case when both resonances of (1) are weak in the sense (a), i.e. the sign change
occurs amongst the components py, . . ., D,,, as well as amongst p,,+1, . . ., p,. Then the system will have the
integral

®=Xygrg+ Tygrg+ Zr,

(¥a> g are certain constants), which is sign definite under the conditions of the theorem. Indeed, the
requirement that the derivative ®° vanishes identically leads, for system (4), to the equations

ZyaPe =0, 27Bpﬁ=0

which always have a strictly positive solution in ¥, , vg, provided that there is a change of sign amongst the
numbers py, ..., Pmand Py, . o oy Do

Suppose now that only one of the resonances of (1) is weak in the sense (a) we can assume without loss of
generality that the first resonance is the weak one, while for the second resonance we shall have | 4, <|S,|. In
this case system (4) will have the following integrals:

&= Tygret Er,,, Ig=rg - (Pp/Pm+1)’m+1. H,=H,
from which we shall construct the integral
G=0*+I1+. . . +I}+H]

which is sign-definite. Indeed, since we have ® = I; = 0 when 7, =r, = 0 and rg = (pg/Ppm+1)7m+1, it follows
that

H, =2(A;c05%, + 5,) 7 +1/Pm+1) P

whence, taking into account the inequality |A,|<|S,|, we find that G is a positive-definite function.
The case when both resonances of (1) are weak in the sense (b), i.e. inequality (5) holds for each one of
them, is more complicated. Let us introduce the notation
hY

' of ! = _s ! = ’
§'=Z2A4%p,pg. S, 25, S, 77, @)
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and consider the following versions of the signs of the quantities (6) and (7):
1. 5;, S;, 8 are of the same sign. '
2. 8;, S, are of the same sign and S’ is of the opposite sign.
3. 8;, §; are of different sign.
The following assertion holds in the first case.

Theorem 3. If the model system (4) has two weak resonances, in the sense (b), and there is no change of sign
amongst the quantities S;, S;, §', then the trivial solution of system (4) will be stable.
It can be confirmed that in this case system (4) will have the follwing integrals:

Ps PoTm+1
Is=rs — —r,, Ig=rg- 202 o=%r, H.=H
p‘ 1 g [+3 pm+] Y 4
b=2,...,m, a=m+2,...,n

from which we can construct a sign-definite integral in the form
G=ZIt+ZI4+H? ®
Indeed, let
ra=(Pa/B )Ty rg=(Pg/Pm+1)Tme1, Fy=0

then we have Iy = [, = ® =0 and
Hy=2(A, cosW, +8,)r}[p}) P, + 28 ¢ P 41/01Pm+1) + ®
+2(4,co8%, + §,)0h +1/0+1) P,
Thus under the condition of Theorem 3 the form does not vanish, except at the origin of coordinates.

Let us now consider the second case when S, and S, are of the same sign, and S’ is of the opposite sign. Two
subcases are possible:

N 8,8,2>88,; 2 88,<8, 8, (10)

Theorem 4. Let two resonances exist in system (4), weak in the sense (b) 5,5,>0, §;5'<0. Then the
necessary and sufficient condition of stability of the trivial solution of system (4) under the first condition of (10)
will be that the following inequalities hold:

We shall prove the sufficiency with help of the integrals of Theorem 3. Let us rewrite expression (9) in the
form
2,2
Hy,={2(A,cos¥, + S,)%p2 +28 Pirm+1 +
m+17 Pm+i’r,

2
+2{A,cos¥, +S)P, ]—;‘,—
1

When condition (11} holds, the discriminant of the equation H_ = 0in p1 7+ 1/(Pmss ry) is negative, and this
leads to sign definiteness of the integral (8).

To prove the necessity we shall consider the opposite inequality to (11) (we note that this can always happen
if the first condition of (10) holds with the equality sign). Then it can be shown that system (4) has a particular
solution of the form

Ta =Pab®), rg=pgA, P sin WPy A,y sin¥))
b(t)>0, b(t)>0, Wwr=const, ¥?=const
which proves the instability.

We prove, in exactly the same manner, the instability in system (4) in the case of the second condition of
(10}, when the following inequality holds:

1S, +A, 118 1>18,1/18, +4,]

A complete discussion of this subcase, as well as of the case when $; and §, have different signs, requires
methods different from those given here.



Stability of Hamiltonian systems 575

We will now consider the case of interacting resonances locked into a single frequency so that relation (2)
holds. The model system here takes the form {(here and henceforth the index 8 takes all natural values from 2 to
m)

r, = -2p“,41,/R|sin\y, - 2p, A, /R;sin

ry = -2psA, /R sinv,, rg= —2pgA;R,sinv,

ry=0

v, =-A VR (P}, + Zpifrs)cosw, — A,\/.-R:(p, 1Py frdcosy, —

-2p,, EA'lri - 22.4'5’[)5?',- (12)
g, = ‘Az‘/Rz(p;!/rx + zpé/rﬂ) cosw, —

- A\\/ﬁ‘x(p: 1Pyafr ) cosy, —2p,, EAU’]’ - 2214‘?}?5’1'

!

R, ":’xp“ ln'ép5 i, R, =r:p"lnr}3"3‘

¥, =p,,6, +Zps0s, ¥, =p,,0, +2pﬁ93

Theorem 5. If at least one strong resonance exists amongst the resonances of (2), the trivial solution of system
(12) will be unstable.

The proof is exactly the same as in the case of Theorem 1, and covers any number of resonances with a single
common frequency.

In the case of interacting weak resonance with a single common frequency, the situation becomes more
complicated than in the case of independent resonances. In this case the sufficient conditions of stability are
given by the following theorem.

Theorem 6. If both resonances of (2} are weak in the sense (a}, then the trivial solution of system (12) will be
stable; if, on the other hand, one of the resonances, e.g. the first resonance, is weak in the sense (a) and the
second is weak in the sense (b), then the trivial solution of system (12) will be stable when there is a sign change
amongst the numbers p;, . . ., p, in the first resonance.

The first part of the theorem is proved in exactly the same manner as in the case of independent resonances
{Theorem 2).

To prove the stability in the case when the second resonance is weak in the sense (b}, i.e. when the inequality

18, I=1(4"'p2, +2p, ZA mpp + EAB"pgpo)iP, I>14,1 (13)

holds, we shall use the integrals of system (12)

&=Zvysrd (y5>0 Ig=rg—(Palom+1)rrie1

Iag =1, —(P,,/Ps)rs —(Pa, /o) 78

H, =2Z A,JRycosw, + EAIirir;-

§=2,....m; B=m+2,....,m; v=1,2; Lj=1,... N

to construct the integral
G=Z1I§p+ ZIg+ ot +HY,
which, according to the condition of the theorem, is sign-definite. Indeed, if the variables vary according to the

law 7, = 0, 15 = (Pg/Pm+1)7m+15> T1 = (P21/Pm+1)Tm+1 50 that the integral ®, Iy, Iy vanishes identically, then
according to (13) we shall have

H, = (A 008, + 8,) Parine1/Pin+1

and hence G is a positive-definite function.
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A sign-definite criterion of a polynomial of degree m in a cone K{ay, . . ., @0} of space R" is proposed
and also a method of investigating these properties based on certain results obtained from Sirazetdinov.
This enables the solution of the problem of the stability of systems of differential equations with polynomial
right-hand sides to be simplified.

1. FORMULATION OF THE PROBLEM

IN cERTAIN problems of stability (for example, in problems in economics, stability in biological societies, etc.),
there is no need to use functions with sign-definite properties over the whole of the space R". For the systems of
ordinary differential equations which describe these processes, a certain set K C R” is positively invariant. The
trajectories of the system with initial data from K do not leave its limits as time passes. This set is called a cone,
it is closed and all its elements possess the following properties: (1) for any x €K it follows that —xEK (x#
0, 0) is zero, and (2) for any «, >0 and arbitrary u, vE K it follows that au+ avE K.

Henceforth we will consider the case when the cone coincides with the coordinate angle. We will use the
notation [1] K{eg, . .., @}, ain€E Ny = {—1, 1}. Here {ay}. (i =1, . . ., n) is the basis of the cone K. In this
case

ojo =signx; (x; #0), i=1,...,n; a;x;>0

If the problem involves considering a system of ordinary differential equations whose trajectories do not
leave the limits of the cone as time passes, then when solving the problem of the stability of this system there is
no need to use as the function a Lyapunov function that is sign-definite over the whole of space. It is sufficient
for it to possess this property solely in the cone K.

Hence, the problem arises of investigating the sign-definite properties of different functions, in particular,
homogeneous polynomial-forms in a certain cone K of space R".
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